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Infe]:=

In[«]:=

In[#]:=

Pensieve header: A fresh implementation of baby DoPeGDO. Continues pensieve://2020-09/, pen-
sieve://2020-03/Testing123.nb, and pensieve://People/VanDerVeen/TimidHeisenbergRGeneralFor-
m@.nb.

E[w, Q, P_eSeries] represents we®**, where wis a scalar, Q is an e-free quadratic, and P = Zilio PIKT ¥ is

a perturbation (it is ill-advised to include w in P because then it will have log terms).

Scheme: E [ ]//E [ ] calls FZip or Zip, which are functionally the same. Zip works by handling the
quadratic part and calling PZip for the perturbation-only part. PZip works by iteratively solving the
synthesis equation. FZip works by encapsulating coefficients, calling Zip, and back-substituting.

Initialization, minor utilities, and “Define” Code

SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\BabyDoPeGD0"] ;
Once[<< KnotTheory  ];
Once[Get@"../Profile/Profile.m"];

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

This is Profile.m of http://www.drorbn.net/AcademicPensieve/Projects/Profile/.

This version: April 2020. Original version: July 1994.

$k=1;

CCF[&_ ] := ExpandDenominator@ExpandNumerator@Together[&];
CF[& List] :=CF /e &;
CF[&_eSeries] :=CF /e &;
CF[& ] := PPcr@Module|
{vs =cases[s, (yIx|n| & _,o]UlyIx|n]é&r},
Total[CoefficientRules [Expand[£], vs] /. (ps_-c_) = CCF[c] (Timeseevs™) ]
[E
(*CF[&_] := PPc;@CCF[&E];*)
CF[& E] :=CF /@ &;
CF[Es, _[&5___1] :=CF/@E,[&5];

eSeries /: S1_eSeries = S2_cSeries :=

Length[S1] == Length[S2] A Inner[CF[#1] == CF[#2] &, S1, S2, And];
eSeries[0@] := eSeries @@ Table[0, $k + 1];
eSeries /: S1_eSeries + S2_cSeries :=

eSeries @@ Table [S1[k] + S2[k], {k, Min[Length@S1, Length@S2]}];
eSeries /: S1_eSeries * S2_cSeries := eSeries ee

Table[Sum[SI[j + 1] * S2[k - j + 11, {j, 0, k}]1, {k, @, Min[LengtheS1, Length@sS2] -1}];

eSeries /: c_*S _eSeries := (c#) & /@ S;
eSeries /: 0,s S _eSeries := (S > OysS) /@S;

Define[lhs =rhs, ...] defines the lhs to be rhs, except that rhs is computed only once for each value of
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Sk. Fancy Mathematica not for the faint of heart. Most readers should ignore.

Inf+]:= SetAttributes [Define, HoldAll];
Define[def , defs__]1 := (Define[def]; Define[defs];);
Define[op_;; =6&_] := Module[{SD, ii, jj, kk, isp, nis, nisp, sis}, Block[{i, j, k},
ReleaseHold [Hold [
SD [0Pnisp, sk_tntegers BLOCK[{i, J, K}, OPig, sk = €5 OPnis, gk ] |5
SD[0Pisps OPyisy,sk]5 SD[OPsis_ s OP(sisy]s
] 7. {SD > SetDelayed,
isp» {is} /. {i-»i , 37, ko>k_},
nis » {is} /. {i - ii, j - jj, k » kk},
nisp » {is} /. {i»ii_, j-» jj_, k> kk_}

3 1]

The Basic Tensors
Inf- ]:= Define[mi,jqk = E(i,j}1-(k} [1, -&inj+ (Tli + ﬂj) Yk + (§i + §j) Xy, €Series[0] ]]

Inf+]:= AllMonomials[{}, @] = {1};
AllMonomials[{}, d_Integer] /; d> @ := {};
AllMonomials[{v_, vs___}, d Integer] :=

Joinee Table[v’™ AllMonomials[{vs}, k1, {k, @, d}];
AllMonomials[vs List, {d_}] := Join@e Table[AllMonomials[vs, k], {k, @, d}1;

Inf+]:= Basis[js List, m_] := F1atten@0uter[Times,
AllMonomials [Table[y;, {j, js}], m], AllMonomials[Table|[x;, {j, js}], m]];
Basis[js List, {m_}] := Flatten@Table[Basis[js, k], {k, @, m}]
n-}= Basis[{i, j}, {2}]
outf]= {1, Xi Yi> X5 ¥i» Xi¥Yj, X5Y5, X% )@: Xi X5 )@: X% y%, X% Yi ¥, Xi X5YiYj, X§ YiYj» X? Y§, Xi X5 Y§: X§ yi}
Inf+]:= GenericCombination[bas , c ] := bas.Table[cj, {3, Length@bas}];
GenericCombination[bas_, c_, | := bas.Table[ck,j, {j, Lengthebas}];
in[-}= GenericCombination[Basis[{i, j}, {2}], ci1]

2.2 2 2.2
Oufj= C1,1+ X3 Yi C1,2+X5Y¥i C1,3+X3YjC1,4+X5Y5C1,5+X;YjC1,6+XiXjY;C1,7+X5Y;Cy,8+

2 2 2,2 2 2.2
XiYiYj €10+ Xi X5Yi Y5 C1,10 +X5YiYjCr11+ Xy Y5 €112+ Xi X5Y5C1,13+X5Y5C1,14

http://drorbn.net/AcademicPensieve/Projects/BabyDoPeGDO/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: BabyDoPeGDO: Solving to $k=3.nb 2020-12-23 16:02:16

Inf]:= Ri ,5 =Eg,,5) [1: (-1+T) x5 (Yi 'Yj) s
eSeries @@ Prepend [0] @ Table [GenericCombination[Basis[{1, j}, {k+1}], ckl, {k, $k}]];

1
Ri_,i_ = Egai,in|ls (—1 + ;) X5 (Yi-Y5)»
eSeries @@ Prepend[0] @Table [GenericCombination[Basis[{1, j}, {k+1}], d¢l, {k, $k}]];
CCi := Ey,(iy [ «/?, 0, eSeries @ePrepend[0] @

Table[GenericCombination[Basis[{1}, {k+1}], e, {k, $k}] ];

— 1
CCi :=E(,(i) [—, 0, eSeries @@ Prepend[0] @
‘\/T

Table[GenericCombination[Basis[{1}, {k+1}], fil, {k, $k}] ];

Inf- ]:= {R1,2: Ry,2, CCq, E1}

out[«]= {E{}»{I,Z}[lx (-1+T) X2 (Y1-Y2)»
eSeries |0, ¢ c 1y: : Sy2
> C1,1 tX1Y1C1,2+X2Y1C1,3+X1Y2C1,4+X2Y2C1,5+X3Y1C1,6+X1X2Y1C1,7+X3Y1C1,8+%

2 2 2.2 2 2.2
X1¥1Y2C1,0+ X1 X2 Y1 Y2 Ca,10 + X3 Y1¥2 C1,11 + X3 Y5 €112 + X1 X2 Y5 € 13 + X3 Y5 c1,14] ] >
1
E{501,2) [1: [*1 + ;) Xy (Y1 -Y2), €Series [9: di,1+X1y1dy,o+Xay1dy 3+

2.2 2 2.2 2

X1Y2di,a+XY2d1,5 +X7Y1d1,6+XaXpy1d1,7+X5y70d1,8+X]Y1Y20d1,9+
2 2.2 2 2.2

X1Xz)’1Y2d1,1e+Xzy1YZd1,11+X1de1,1z+X1X2)’2 d1,13+X2y2 d1,14H:

E{501) [\E; 0, eSeries [0, €1,1+X1Y1€1,2+ X Y5 e1,3} ] s

1
]E(}%{l) {—, 0, eSeries [@, -Fl,l +X1Y1 -Fl,Z +Xi y% 'F1,3} :|}
ﬁ

The Main Program

Variables and their duals:

Inf]:= {y*s x*, n*, €Y =1{n, & Y, X};
(vs_List)* := (v > V*) /@vs;

(u_i )" 2= (")
E operations:

= E/:E[wl ,Q1 ,P1 ]=E[w2 ,Q2 ,P2 ] :=CF[wl = w2] ACF[Q1 = Q2] A (P1 = P2);
E/:E[wl ,Q1 ,Pl ]xE[w2 ,Q2 ,P2 ] :=E[wlw2, Ql+Q2, P1+P2];
Eg1 »r1 [61S___1 = Egy oy [E25___] "i= (d1==d2) A (rl1=r2) A (E[&ls] = E[&825]);

Eg1 »r1 [E1S___1Egz 5r2 [825___ 1 "“i= E (q1yd2y-(riyr2) @@ (E[S1s] xE[&25])
Egr [&5___lgr = Egr@RE[55] g5
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ni1= Eag_sps [E1S___1// Eaz 4r2 [E25___]1 :=Module[{is = riNd2, 1lvs},
lvs = Flatten@Table[ {X¢ei, Ysei}s» {1, iS}1;
]E(dlUComplement[d2_,is])-»(r'ZUComplement[r'l,is]) ee (ZiplvsU1vs' [1VS*.1VS, Times[
E[&1s] /. Table[(V:X |Y);i = Vgeir {1, iS}],
E[&2s] /. Table[(v: & | N)i > Vgeis {1, iS}]
11)

]

[F: Elp = o2 Zuee Fidydy g ang (F: &)p = [F: &5l
where & is a docile perturbed Gaussian. The following lemma
allows us to restrict to the case where & has no B-B quadratic
part:

Lemma 1. With convergences left to the reader,

<F: Ee3 Zijes Gfﬂfzf'> = det(1 - GF)™'/2 <F(1 - GF)™": 8>
B

ZB—)O ’

.

The next lemma dispatches the case where & has a B-linear part:
1

Lgmma 2. <F:78<1732"€B3"’Z">& = @2 Lijen F"!’f’"-”'f' (F: 8|zg_>z8+FyB>

Finally, we deal with the docile perturbation case:

Lemma 3. With an extra variable A, Z, := log[AF : e"]p satisfies

and is determined by the following PDE / IVP:

1
Zy=P and 0,Z=> Z Fij(0:0:,Z0 + (05,2))(0:,Z1)) -
i,jeB

B

2 mllF/Z

F/2 F/ .y
© [ ]Qc/z ® [ ~ ( 3@”
part-glue
| Tl 2=
3 & 9 & connected

diagrams
Lemma 1 Lemma 2 Lemma 3

Inf]:= Zipvs_ [7, &1 :=(F, &) // Zipl,, // Zip2,, // Zip3,,

Getting rid of the quadratic.
Lemma 1. With convergences left to the reader,

<F: Ee? Zf-feBfoZfo> = det(1 — GF)™!/2 <F(1 -GF)™": 8)3
B
Infe]= Zipl{} = Identity;
Zipl,, @(7_, E[w_, Q_, P_]1) := PPz, @Module[{T, F, G, u, v},
I = IdentityMatrixeLengthevs;
F = Table[d,,, 7, {u, vs*}, {V, vs*}];
G = Table[9,,,@, {u, vs}, {v, vs}];
CF /@ (vs*.F.Inverse[I -G.F].vs" /2,
E [PowerExpand@Factor [~ Det[I - G.F]™/?], Q- vs.G.vs /2, P])

]

Getting rid of linear terms.

Lemma 2. <F: 8032"63”1')3 = 3 Zijen Fips <F3 8|z3—>z3+FyB>B‘
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Inf+]:= Zip2, = Identity;
Zipzvs_@(f‘_, E[« , Q , P_]1) := PPzij,p@Module[{F, Y, u, v},
F = Table[d,,,#, {u, vs*}, {V, vs*}];
Y = Table[6,0Q, {Vv, vS}];
CF/e(s, E[w, Q-Y.vs+Y.F.Y/2, P /. Thread[vs » vs +F.Y]])
1

Dealing with Feynman diagrams.
Lemma 3. With an extra variable A, Z; = log[AF: el satisfies
and is determined by the following PDE / IVP:

1
Zo =P and OAZA = E Z F,’j (OZ,OZ].ZA + (6Z,.Z/1)(6ZjZ,1)) .
i,jeB
Note that the power mof Aisat most k-1 + 2"2—"2 =2 k. We write Z, =3 Z[m] A™.
In[<]:= Zip3vs_@(/¢~_) Efv_, Q_J P_]) o= PPZipS@MOdu:Le[{Z: u, v, m, ]}:
Z[0] = P;
For‘[m =0, m< 2%k, ++m,
1
Z[m+1] = CF [—
2 (m+1)
Sum[dy,y+ # (8y,vZ[m] +Sum[ (8,Z[J]) (8yZ[m-31), {J, @, m}]), {u, vs}, {v, VS}]]

E[w, Q, CF[Sum[Z[m], {m, ©, 2$k}] /. Table[v » @, {Vv, vs}]]]

]

Solving for R, CC, Sk =1

= $k = 13
{Rq,2, CC41}
unknowns = Cases [{Ry,2, Ry,2, CC1, CC1}, (c|d|e | f)g, , »] // Union
outf«]= {E{}»{I,Z} [1: (-1+T) X2 (Y1-Y2)»
eSeries[@, 1,1+ X1 Y1 C1,2+X2Y1C1,3+X1Y2Cra+X2Y2C1ys+ X5 Y3 Ca6+XaXa Y3 Ca,7+ X5 Y5 Capg+
Xiy1Y2 C1,9 + X1 X2 Y1 Y2 C1,10 + X3 y1Y2 C1,11 + X1 Y3 C1,12 + X1 X2 y5 C1,13 + % c1,14] ] s
E)51) [\/?, 9, cSeries [6, €1,1+X1Y1€1,2+ X3 Y] e1,3} ] }

ouf-]= {C1,15 €1,25 €1,3, C1,4, C1,5, C1,65 C1,75 C1,8> C1,9, C1,105> C1,11, C1,12, C1,13, C1,145 01,1, d1,2, d1,3,
d1,4.v dl,SJ dl,GJ d1,7,' dl,S: d1,9.v dl,l@: d1,11: dl,lZJ d1,13.v d1,14.v 91)1, el,ZJ e1,3: 'Fl,l) -Fl,ZJ 'F1,3}
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inf-1= Short [Err'or‘s = {(R1,2 Ra,3Rs,6 // My,a51 // My 5,5 // M3.6,3) [3, -1] -
(R2,3Ra,5R1,6 // My 451 // My 555 // M3 6,3) [3, -11,
(Re,2R3,4 // My 351 /7 My,a42) [3, -11,
(CC1 CCy // My, ) 03, -11,
(CC3Ra,2 // M52 // My100) 135 ~10 - (CC3R,2 // My300 // Ma,201) [3, - 10},
10]

Out J/Short= {*X3 Y1C1,3-X2Y1 (C1,2-TCq,2+Cq,3) +X1Y2Ca,a+X1Y3Ca,a -
TX1Y3Ca+TXpYs3Cra+ <995 +X3y1ys (TCy11+2TCr1a-2T2Cp aq) -
X3¥2ys (TP c1,11+2T €110 -2T2 Cayaa) - X35 (TPCag+Craa-2TCoaa+ T2 Cppaa) +
x3y: (TPe1,6-2T cre+ T ey,6+TCr,7-2T ¢y 7+ TP Cy7+2Cr g -
A4Tcyg+3T Cyg+Cr11-2TCy 10 +T2Co11+Cay1a - 2T Cpaa + T2 Cpyaa) +
x3¥5 (TPers+ T c,12- 2T cqyp + THeg, 10+ TCa,13 -2 T2 g1+ T2 €13+ Cay1a - 2T €10+ T2 Copna)
<1l>>

Ci,p+ <<13>> + ——, <<1>, -Cq,1 + <<12>>}
<«<1>>

In[-]= eqns =
'T’hr‘ead[e == Union @@ (CoefficientRules[#, {X1, X2, X3, Y1, Y2, Y3}1[ 55 » 2] & /@ errors)]
Outfe= { = C1a-TCigy 0= —Cra+TCia, @=TCra-TCra, @=-Cya+2TCra-T2Coa,
@=-TCy4+T%C14,0=TcCy,,-T?C1,+C1,3-TC1,3+C1,5-TCys,
= -2C1,6+2TC16,0=2TC1,6-2T?C1,6,0=C1,0-TCy,0,
Q= -C1,0+TCp0,@=2TCy0-2T"Cy,09,0=-2C1,0+4TCy,0-2T>Cq,0,
0= -2TCy,0+2T%C1,0,0=2TC1,6-2T2C1,6-C1,0+4TC1,0-4T?Cy,9+T?C1 9,

0=2T Cl,g -2 T2 C1,8 + TZ C1’9 -2 T3 C1)9 + T4 C1J9 +T C1,1e -2 TZ cl,l@ + T3 Cl,l@)

2 2
0=2T C1,7 -2T C1,7 — C1,10 +4T Cl,le -3T7 Cl,lO +2 C1:11 -2T7T cl,ll:

2 3 2 2 2
0=T"C1,0-T C1,0+2TC1,210-2T°Cq,12, @ ==Cq,20-T"Cq,12, @ == -C1,10+2T Cq,10 - T" Cq,12,
0 = C1,9 - 2T C1,9 + T2 C1,0 + C1,12 — 2T C1,12 +T2 C1,125 0=-2T C1,12 + ZTZ C1,125
=-4T C1)12 +8 T2 C1)12 - 4T3 C1,12, 0=-2 C1,12 +6T C1)12 -6 T2 C1)12 +2 T3 C1,12,
2 3 2 3 4
=-2T7€C1,120+2T7 Cq,12, @ == =T Cp,12+ 2T C1,10 - T Cq,12,
0 == -Cq,12 + 4T C1,12 — 6 TZ Ci1,12 + 4T3 C1,12 — T4 C1,125 0==-2T Ci1,12 + 6 Tz C1,12 — 6 T3 Ci,12 + 2 T4 C1,125

2 2 2 2
0==2T¢Cy,13-2T"Cq,13, @ ==TCq,13-T"C1,13, @ =2TC1,10-2T°Cy,20 +TCq,13-T"C1,13,

2 2
©==2C1,8-2TCy,8+C1,00-2TC1,10+ T Cy,10+C1,13-2TCqg,23+T" C1,13,

= -2TcCy,13+2T%C,13, 0= -2TCy13+4T2Cy,03-2T2Cq 13,
2 3 4 2 3 2 3
0 =T°C1,10-2T Cy,00+T €C1,12+TCq,13-2T"Cq,23+ T Cq,13, @ = -T"Cq 93 + T~ Cq,13,
2 3 2
0= -C1,13+4TC1,13-4T°Cq,23+T C1,13+2C1,24-2TCq,14, @ =2TCy,24-2T"Cy,14,
0 = TZ C1,6 -2 T3 C1,6 + T4 C1,6 +T C1)7 -2 TZ C1)7 + T3 C1,7 + Cl)g -4T7T C1,8 +3 Tz C]_,g + C1)11 -
2 2 2
2TC1,11+T°€C1,11+C1,14-2TCq 08+ T7C124, @ == 2T Cq 24 +2T°C1,14, @ == Cq,1 +d1,1,
Ci,2 Cy,3
@ =Cyo+0dyo+d1,4-Tdy s, @=Cya+Tdy 4, @=0Cq5- + +dy,3+dy,5-Tdy s,
Ci,4 Ci,5
0 = C1,4— + +Td1)5, 0 == Cl,g+Td1’9+2Td1)12—2T2d1,12,
T

2 2
0 =Cq,00+T7d1,12, @=Cy,6+d1,6+0d1,0-Tdy,90+d1,10-2Tdy 12+ T dyg 12,
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2C1,9 Ci,10 2C1,12  C1,13
+ _— —

0 = 2C1,9— +Td1’1a+2Td1}13—2T2 d1)13, 0 == 2(:1’12— +T2 d1)13,
T T T T
2¢y,6 1,7
5 5 2
=2C1,6 - T + +d1,7 +dg,20 - Td1,16 +d1,13-2Tdyg 13+ T"dq,13,
Ci,9 2C1,9 Ci,1e Ci,ze Cima 0y
== C1,9+ - - + + +Td1,11+2Td1)14*2T d1,14,
T2 T T2 T T
Ci,12 2C1,12  €1,13  €C1,13  C1,14 5
== C1,12 + - - + + +T d1’14,
T2 T T2 T T2
Ci,6 2Ci1,6 C1,7 C1,7 Cis
s 5 s 5 s 2
Q= Cp6+ - -y + +dy,g+d1,10 - Tdy,a1 +di,00-2Tdyg, 14 + T dp,14,
T T T? T T
C1,3 2¢cy,8 e1,2 2e;,3 4deg3
= - +C1’4+ —2C1,12+eljl+el)2— +291,3+ - _-Fl,ll
T2 T T T
C1,3 Ci,5 2Cy,7
O=e;1+F1,1,0=e€15+F12,0=0C1,-TCy2-Cy,3+ +C1,a-TC1a-Cy5+ N
4cCy,8 Ci,16 2C1,11 €1, 4de;3 4degs
+2TC1)9+C1)1@- ——+4TC1’12+2C1,13+ - + —T'Fl,z,
T T T T T T
2 C1,7 Ci,8 2 C1,10
0 = el,3+f1,3, 0 = C1,6—T C1,6+ —TC1,7—C1,8+ +C1,9—T C1)9+ -
T? T
C1,11 5 €1,13 Ci,14 €1,3 _,
TcCi,10 - Cy,11 + - +C1,12-T7Cr10+ —— -TCy,13-C114 + P -T 'F1,3}
T T T T

n-1= {s0l} = Solve[eqns, unknowns]

Solve: Equations may not give solutions for all "solve" variables.

[y

outf-J= {{C1,4 -0, Cy5>-TCy,5-C1,3, C1,6 >0, C1 ;8> -— (1-T) Cq1,19, C1,0 > 0,

2

1
C1,11 > -TCy,7 - E (=1+3T) €1,105 C1,12 > ©, C1,13 >0, C1,14 >0, d1;1 > -Cy,1, d1,2 > —C1,2,

C1,3 Ci,2 C1,3 Ci,7 (-1+T) €110

C11,39— > d1,4%0) d1,5* + ) dl,sﬁe; d1,7%— I —
T T T?

(1-T) c1,10 C1,10 Ci,7 (-1-T) c1,10

di,g > - — Q5 di,6 >0, di,10 > - S di,11 - P e EE g 9,
2T T T 2T
C1,3 C1,10 C1,3 C1,10

d1,1350,d1,14>0,€11> ——,€,,>-——,€,3>0, 'F1,1 - - T1,2 > > 'F1,3 - 9}}

m-}= sol /. (a_-»b_) = (a=>b)

1 1
outf+]= {9, -TcC1,2-C1,3, 0, *E (1-T) C1,105 @, -TCyq,7 - ; (-1+3T) C1,10, 0, 0,
C1,3 Ci,2 Ci1,3 Ci,7 (-1+T) cq,10 (1-T) C1,10
9, -C1,15 =C1,2, ———» 9, + » Y, — - y ~ D
T? T T T T 271
Ci,50 C1,7 (-1-T) C1,10 C1,3 C1,10 C1,3 Ci1,10
F > - - b} 01 0) N ) y - b} @}
T2 T2 273 27 T 27 T
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Inf- ]:= {R1,2: Ry,2, CCq, E1}

Out[+]= {]E{}%{]_,z} [1, (*:I-*T) X2 (Y1*YZ):

1
. 2 2.2
eSeries {9: C1,1 +X1Y1C1,2+XaY2 (=T C1,2-C1,3) +X2Y¥1C1,3+X1X2Y7C1,7~ ; (1-T) X3Y1C1,10 +

1 1
X1 X2 Y1 Y2 C1,10+X§ y1Y2 [*T c1,7*; (-1+3T) C1,10]H, E(1501,2) [1: (*1+ ; X2 (Y1-Y2),

. X2Y1C,3
eSeries {0, -C1,1 - X1Y1C1,0 - ——

Ci,2 C1,3 (1-T) x3y%cy,10
+X2Y2 T e B

T? T? 271
X1 X2 Y1 Y2 C1,10 ) Ci,7 (=1-T) cy,10 N C1,7 (=1+T) cy,10
———  +tXyYaYo | —— - ———————— | + X1 X2Y71 |~ S — H:
T T 21’ T T
\/7 . C1,3  X1Y¥1Ci1,10 1 . C1,3  X1Y1C1,10
E{}%{l}{ T, 0, eSer‘leS[O, ; f]], E{}ﬁ{l}{ﬁ, 0, eSer‘leS[O, - > 1 +f]}}
Inf-]= €1,1 = C1,2 = €C1,3 = C1,7 =0; C1,10 =1;

{R1,2: Ri,2, CCy, E1}

outf+J= {]E{}ﬂl,z} [1, (-1+T) X (Yy1-Y2), €Series|0,

N | =

1

2.,2 1 2
(1T Ve yiye s (1-3T) % ys | |,
E(1-1,2) [1: (*1+ T

X2 (Y1-Y2)»

) (-1+T) Xy X2 ¥2
eSer‘les{e, -

(1-T) x3y: XiXoy1y, (-1-T) X%Yﬂ/zH
- - - ]
T2 273 T2 273
. X1 Y1 1 X1 Y1
]E{}%{l} { \/T > 0, eSeries [@, - }], ]E{}%{l} [—

\/? , 0, €Series {0, . H}

Infe ]:= {(Rl,z Ra,3Rs,6 // My,4,0 // My 55,5 // M3,653) = (Ry,3Ra,5R1,6 // M1,a4510 // My555 // M36,3),
(R1,2 Ra,a // My,3,1 /7 m2,4->2) = Egy,q1,2;[1, 0, eSeries[0]],
(CCl EZ // My,251 ) = ]E{}_,(;l) [1, 0, eSeries [0] ] N

(CC3Ry,z // My 350 // My151) = (CCaRy,p /7 My3sn /7 My 20) )
ou-= {True, True, True, True}
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Solving for R, CC, Sk =2

n-1= $k = 23
Short[#, 10] & |
{(R1,2 Ra,3Rs,6 // My 4,1 // My 5,5 // M3,6,3) = (Ra,3Ra,5R1,6 // My 4,1 // My5,5 // M3,6,3),
(Ri,2R3,4 // My 351 // Maas2) = Eyo1,2[1, O, eSeries[0]],
(€CC1CC, 7/ My 251 ) = Egyo(1y[1, @, eSeries[0]],
(CC3Ry,2 // My 3,5 // My 141) = (E3 Ri,20 // My351 // m1,2->1) }]

outf - Y/Short= {(—1 +T) XeXa X3y Y3 -3TXeXaX3y1yaYs+ (-2T+4T?) Xy x3y1yays + <1125 +
X3Y3 (TP a8+ T Ca,27 -3 T4 a7+ 3T a7 - T2 o7 + T2 Cay28 - 3T €28 + 3T € 08 -
T° C2,28+ T Cp,09-3 T2 C2,20 +3 T C2,20 — ™ C2,20+C2,33 -3TCy 30 +3 T C2,30 — T Cz,30) +
X3Yiys (TP-4T2 43T+ T2 - 2T €000+ 2T €20+ 2T Co 06 -4 T% Ca 06 +
27%C,06+3TCo30-6T° Cpp30+ 377 Cop30) =
3Cp,1+2X1Y1Cp0+ <143> + Xg y% V3 <T3 C2,20+3TCy,39-6 T2 Cr,30 +3 T C2,3e> R

<«<1> <1> <1>
<<2>>, — + — + <<1I> + —— = <<1>>}
273 <«<1>> T4

ni-1= unknowns = Cases[{Ry,2, Ry,2, CC1, CC1}, (c|d|e | f)g, , »] // Union

outf-J= {C2,15 €2,25 €2,3, C2,45 C2,55 C2,65 €2,75 C2,85 C2,95 C2,105 C2,11, C2,12, C2,135 C2,14>
C2,15, C2,165 C2,175, C2,18, C2,195 C2,205 C2,215 C2,22, C2,235 C2,24, C2,25, C2,26, C2,27»
C2,285 €2,295 C2,305 U215 d2,2, dy 3, dy 4, do5, dajs, da,7, dy 8, dy,9, d2 10, d2,11,
d2,125 d2,135 d2,145 d2,15, d2,165 d2,175 d2,185 d2,19, 02,205 d2,215 d2,225 d2,23, 2,24,
dz,zs: dz,ze, d2,27, dz,zs; dz,zg: d2,3e: €2,15 €2,2, €2,3, €3 4, 'Fz,l) 'Fz,z: 'Fz,s, 'F2,4}

)= Short[errors = CF@{ (Ry,2 Ra,3Rs,6 // My,as1 // My,552 // M3,643) [3, -11 -
(R2,3R4,5R1,6 // My 4,1 // My 5,5 // M3 6,3) [3, -11,
(Re,2R3,4 // My 351 /7 Mp,4,2) [35 -1,
(€C1CC; /7 My 551 ) 35 -11,
(CC3Ry,2 // My 3,5 // My 1,) [3, -1] - (Es Ri,0 // My,3,0 // m1,z->1) I3, -1]]}:
10]

outf«J/Short=" << 1>>

In[«]:= Shor‘t[#, 10] &[ean =
Thread[0@ == Union @@ (CoefficientRules[#, {Xi1, X2, X3, V1, Y2, ¥Y3}1L 35 > 2] & /@ errors)]]
Out[ « J//Short= {0 = C,4 — T C2,4, 0 == -Cy,4 + T C2,4, 0==T Co,4 - T2 C2,4, <<168>>, 0 == €2,4 + ‘F2’4, 0 ==
1 1 1 T 3 C,16 _, C2,17 C2,18 3
- + - —+C,15-T"Cp,15 + -T°Cy6+ —— -TCp17-Co08+ —— +C2,19-T" Cp 19 +
2 273 272 2 T T2 T3
C2,20

5 Co,21 C2,22 3 C2,24 5 C2,25
-TCy,00 + -TCp,01-Co00 + +C,03 - T Cp 03 + -T°Cy,04 +
T TZ -|-3 T TZ
€2,29 C2,36  €2,4 3

-TCp,20 - Ca,30 + +— =T 1‘:2,4}

T2 T3 T3

-TcCy,25 -

C2,26 C2,28

2
-T C2,28 +

3
+C,07 - T Cp,07 +

C2,26 +
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n-1= {sol} = Solve[eqns, unknowns]

Solve: Equations may not give solutions for all "solve" variables.

2020-12-23 16:02:16

1
outf+]= {{CZ,A -0, C5 > -TCy-Co35, C,6 >0, Cy g~ *; (1-T) c2,105 C2,9 > 0,
1
C2,11 = - E -Tcy,7-—(-1+3T) C3,105 C2,12 > 0, C2,13 > 0, C3 14 > 0, C3 15 > 0,
-1+4T-3T? 1
C2,17 >~ ((-1+T) Cp16)5 Co,a8 > ————————, C2,19 >0, Cp 20 > — —,
6T 2T
1-3T 1-11T+16T? R
C2,01 = — 5 C2,20 > - T - (T— T ) C2,165 C2,23 > 0, C2,04 > 0,
1 2
C2,25 > — ;, C2,26 = g (=1+7T) -T"Ca,165 C2,27 > 9, Cz,28 >0, C2,29 >0, C3,39 > 0,
Cy,3 C2,2 Cp,3
dy,1 > -Co1, dop > -Copy, dyz>-——,dy4>0,dys > + > dye—> 0,
2 T TZ
1-T Ca,7 (—1+T> C2,10 -1+T (1—T) C2,10
dy,7; - - - -, dy 3> - - » dy0-0,
T3 T T2 2T 273
1 ¢C310 1 Ca,7 (-1-T) 3,10
dre> —-—, dhnu>-—+—-——————,dy120>0, dy 130, dy,14 >0,
. 21T T 21
-1+T C3,16 3-4T+T%  (-1+T) ca,16 -3+4T-T2
d2,1590: d2,16%* - ) d2,17%* - ) d2,189’71
273 T 274 T2 6T
1 2 4+T+T?> (1-T) ca,16
dy19 50, dyog > ———, dy 21> —, dy 20 > - - » 02,0350, dy 00— 0,
273 T4 6T T
-1+T C2,16 C2,3
da,25 > - ——, d2,26 > - +——, 03,27 >0, dy, 28>0, dy 29 >0, dy30 >0, €1 > ’
5 T4 6 T5 T3 2T
C2,10 C2,3 1 10
€, -—5€,3-0,e,,-20,H1>-—,Ffh>-—+—,F3-20, s> 9}}
27 2T
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n-j= sol /. (a_->b_) » (a=D>b)

1 1 1
outf+]= {9, -TcCy,2-0C,3, 0, *; (1-T) €2,105 9, *E -Tcy,7- ; (-1+3T) C3,10, 9, 0, 0, O,

-1+4T-3T? 1 1-3T7 1-11T+16T? R
- ((-1+T) Co16) ——————, 0, - —, - , - - (T-T%) 2,165
6T 2T 2T 6T
11 ) C2,3 C2,2 C,3
0,0, - —, — (-1+7T7) -T C2,16» 0, 0,0,0, -C2,1, —C2,2, ———» 9, + )
2 6 T2 T Tz
1-T Ca,7 (—1+T) C2,10 -1+T (1—T> C2,10 1 C2,10
e) - - = y - - b} e) - - b}
T3 T T2 274 273 ™ T2
1 C2,7 (—1—T) C2,10 -1+T C2,16 3—4T+T2 (—1+T) C2,16
- +— - ———,0,0,0,0, - - > - p)
274 T2 273 273 T 27 T2
-3+4T-T2 1 2 4+T+T?2 (1-T) ca,16 1
I | e) I T T - ) i) 9, I}
6T 273 T4 6T T3 274
-1+T C3,16 C2,3 C2,10 C2,3 1 <10
- + ,0,0,0,0, —, -—,0,0, -——, - — + » Y, 0}
6T° T3 27 T 27 T2 T

Inf[-]= €2,1 = C3,2 = €2,3 = C3,7 = C2,19 = C3,16 = O;
{R1,z: Ri1,2, CCy, CC1}

1 1
outf-= {E{Hl,z} [1, (-1+T) X2 (Y1-Y2) > eSerieS[O, " (-1+T) X3y7 + X1 %, iyar o (1-3T) x3y1y2,
(-1+4T7-372)3y] 1 | x2xyly,  (1-3T)xyx3yly, (1-11T+16T%)x3yly,
- - = X3Y1Y2 - - - -
6T 2 2T 2T 6T

1 1

2 » 1 3 2
— X1 X3Y1yy+— (=1+7T) XleYzH: E{y5(1,2) {1) =1+ —| X2 (Y1-Y2)»
2 6 T

(-1+T) XaXoyT  (1-T)X3yZ XaXoy1ys (-1-T)X3y1ys (1-T) X% Vi

cSeries |0, - - - - R
T2 273 T2 273 T3
(-1+T) x3yZ  (-1+T) xixy; (3—4T+T2)x1x§yi (73+4T7T2>ngi X1 X2 Y1 Y2
_ _ _ . _
2T 2713 2T 6T° T
2 3,,2
X2yiy: Xxaylys 2x0x3yly, (A+T+T2)x3yiys xgx3yiy:  (-1+T) X§y1y§H
_ . _ _ _ s
274 273 T4 6T° 274 6T°
. X1Y1 1 . X1 Y1 X1 Y1
]E(}ﬁ{l} { VT, 0, eSeries |:@, - 0] ] > ]E{)%{l) {—, 0, €Series |0, y — ]}}
T AT T T2

Inf-]:= {(R1,2 Ra,3Rs,6 // My,a,1 // Myy5,2 // M3.6,3) = (R2,3Ra,5R1,6 // My q,1 // My 5,5 // M36,3),
(R1,2 Ra,a // My,351 /7 m2,4->2) = Efy,1,2; [1, 0, eSeries[0]],
(€CC1TC, 7/ My 541 ) = Eqyuqny [1, O, eSeries[0]],
(CC3 Ry, // My3,5 // My 1,1) = (Es Ri,0 // My 3,0 /7 m1,2->1)}

ou-}= {True, True, True, True}

http://drorbn.net/AcademicPensieve/Projects/BabyDoPeGDO/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: BabyDoPeGDO: Solving to $k=3.nb 2020-12-23 16:02:16

Solving for R, CC, Sk =3

n-1= $k = 33
Short[#, 10] & |
{(R1,2 Ra,3Rs,6 // My 4,1 // My 5,5 // M3,6,3) = (Ra,3Ra,5R1,6 // My 4,1 // My5,5 // M3,6,3),
(Ri,2R3,4 // My 351 // Maas2) = Eyo1,2[1, O, eSeries[0]],
(€CC1CC, 7/ My 251 ) = Egyo(1y[1, @, eSeries[0]],
(CC3Ry,2 // My 3,5 // My 141) = (E3 Ri,20 // My351 // m1,2->1) }]

(1-T) xI X2 X3Y3 ¥3 (1‘4T+3T2)X1X§X3)@)/3
+

out[«J//Short= { + <<267>> + Xg <«<1>> (T4 Coc1ss + <<35>>) +

2T 2T

1

” X3yiy3 (7T2-97T°+329T% - 239T° + 2477 C3 45 - 48 T C3,45 + 48 T* €3 45 +
72T C3,50 - 144 T2 3,50 + 72 T €350 + 144 T2 €355 - 288 T7 €355 + 144 T ¢3 55) +

1
——x3y] (5-19T+13T°+38T° -89T*+77T° - 25T°+12T° c3,3, - 48 T° ¢3, 31 +
12T

<<46>> + 12T C3,50 - 48T C3,50 + 72 T2 C3,50 - 48 T 3,50 + 12 T° C3,50 +

12T C3)55 - 48 TZ C3)55 +72 Ts C3,55 - 48 T4 C3,55 +12 TS C3)55) ==

3C3,1+2X1Y1C3,0+ <<367> + <1> + Xg <<3>>, <<3>>}

ni-1= unknowns = Cases[{Ry,2, Ry,2, CC1, CC1}, (c|d|e | f)g, , »] // Union

ouf-]= {€3,1, €3,25 €3,3, C3,4, C3,5, C3,6, C3,7, C3,8, C3,9, C3,105 C3,11» C3,12» C3,13» C3,14» C3,15, C3,16,
C3,17, C3,18, C3,19, C3,20, C3,21, C3,22, C3,23, C3,24, C3,25, C3,26, C3,27, C3,28, C3,29, C3,30, C3,31,
C3,32, €3,33, C3,34, C3,35, C3,36, C3,37, C3,38, C3,39, C3,40, C3,41, C3,42, C3,43, C3,44, C3,45,
C3,465 C3,475 C3,48, C3,49, C3,50, C3,51, C3,52, C3,53, C3,54, C3,55, d3,1, d3,2, d3,3, d3,4, d3 5,
d3,e, d3,7, d3,8, d3,0, d3,10, d3,11, d3,12, d3,13, d3,14, d3,15, d3,16, d3,17, d3,18, d3,19, 3,20,
d3 21, d3,22, d3,23, d3,24, d3,25, d3,26, 03,27, d3,28, 03,29, d3 30, d3,31, d3,32, d3,33, d3, 34, d3, 35,
d3,36, d3,37, d3 38, d3,39, 03,40, d3,41, 3,42, d3,43, 03,44, d3 45, d3,46, d3,47, d3,48, d3 49,
ds,sa: d3,51: ds,sz, d3,53; d3,54; d3,55: €3,1, €3,2, €3,3, €34, €35, 'F3,1; 'F3,2, 'F3,3; 'F3,4, 'Fs,s}

i) Short[errors = CF@{ (Ry,2 Ra,3Rs,6 // My,401 // My,552 // M3 ,643) [3, -11 -
(R2,3Ra,5R1,6 // My,451 // My, 555 // M3,653) [3, -111,
(Re,2R3,4 // My 351 /7 My,442) [35 -1,
(€C1CC; /7 My, 551 ) I35 -11,
(CC3Ry,2 // My 3,5 // My 1,1) [3, -1] - (Es Ri,0 // My,3,0 // m1,z->1) I3, -1]]}:
10]

outf-Jshort=" { <<1>>}
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n-1= Short[#, 10] &[eqns =
Thread [0 == Union @@ (CoefficientRules[#, {X1, X2, X3, V1, Y2, Y3}1[ 355 » 2] & /@ errors)]]

Out[ - J//Short= {0 = C3,4 - T C3,4, <<418>,

3 5 3 1 5 T 4 C3,32 C3,33  _, C3,34
0= —+ -— - — = +—+C3)31*T C3,31+ -T C3’32+—*T C3)33+—*
4 127° 4T* 6T® 12T 6 T T? T3
€3,35 " €3,37 3 C3,38  _, 3,39
TC3,34 - C3,35 + " +C3,36 — T C3,36 + -T7c3,37 + " -T%C3,38 + N -TC3,30 -
T T T T
C3,40 " C3,42 3 C3,43 2 C3,44 C3,45
Csa0 + —— — + C3,a1 - T C3,01 + -T7c3,40 + - T% C3,43 + — TC3,04 - C3,05 + —
T T T T
a C3,47 3 C3,48 5 C3,49 C3,50
C3,46 — T C3,46 + =T C3,47 + -T7C3,48 + - T C3,40 — C3,50 + +C3,51 —
T2 e T4
C3,52 C3,53 C3,54 C3,55 €35
4 5 3 5 2 5 5 5 4
T c3,51 + -T  C3,52 + -T"C3,53 + - T 3,54 - C3,55 + + - 'F3,5}
T4 T4

n-1= {sol} = Solve[eqns, unknowns]

Solve: Equations may not give solutions for all "solve" variables.

1
outf+]= {{C3,4 -0, C3,5 > -TC3,,-C3,3, C3,6 >0, C3,3 > — ; (1-T) c3,105 C3,0 > 0,
1
C3,11 > -TC3,7 - E (-1+3T) c3,105 C3,12 > 9, C3,13 >0, C3,14 > 0, C3,15 > 0,
1-T 1
C3,17 > - ((=1+T) C3,16) , C3,18 > — —— C3,190 > 0, C3,20 > 0, C3,21 > —,
2T
2457 , 5,
C3,22 > - T (T-T%) c3,165 C3,23 > @, C3,24 > @, C3,25 > 8, C3,26 > 6 T C3,165 C3,27 2 0,

3
2
C3,28 > @, C3,29 > 0, C3,39 > 0, C3,31 >0, C3,33 >~ E (=1+T) C3,325 C3,38 > ~ ( (-1 +2T-T ) C3,32) ’

1-12T+27T7T%2-16T3 1 -1+3T
C3,35 > — 5 C3,36 >0, C3,37 > ——, C3,33>~-———,
2472 6T 4T1?
-1+11T-16T2 -1+31T-131T%+12573 , s
C3,39 > - ———————— C3,20 > - - (T-2T2471°) c3,32, 3,41 O,
6 T2 24 T2
1 -5+23T -5+69T-142T> 3 X
C3,40 >0, C3,43 > —, C3,44 > —————, C3,45 > — +— (-1+T) T°C3,32, C3,46 ~ 0,
T 6T 24T 2
1 1 3
C3,47 > 0, C3,48 > 0, C3,49 > g, C3,50 = ; (1-15T) -T° c3,32, C3,51 > 0, C3,50 > 0, C3,53 > 0,
C3,3 C3,2  C3,3
C3,54 > 0, C3,55 >0, d3 1 > -C3,1, d3,2 > -C3,2, d3,3 > -——, d3,3 >0, d3,5 > + s
T2 T T
-1+T C3)7 (—1+T) C3)1g 1-7T (1—T) C3)1a
d3,6+9: d3,7+— I —— 1 da,sﬁ— - ) d3,9%9)
T4 T T2 27° 273
1 c3,10 1 C3,7 (-1-T) C3,10
d3 0> - — - > d311 > + -—————, d3,12 >0, d3,13 >0, d3,14 > 0, d3,15 > 0,
T 712 275 T? 273
1-T c¢3,16 ~7+9T-2T%2  (-1+T) c3,16 7-9T+2T?
d3,16 - - - b d3,17 - - - ) d3,18 A — d3,19 -0,
T T 27° T2 6T°
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1 9-T 3 (1-T) c3,16
d3,0 > —, d3, 00> -——,d3 0> —— - ——————, d3,23 >0, d3 54 > 0, d3,25 > —,
T 27T° 278 T3 T°
1 C3,16 -1+T C3,32
ds,26 > - + ——, 03,27 >0, d3,58 >0, d3,59 > 0, d3,33 > 0, d3,31 > 0, d3,3, > - - s
378 T3 6T* T
2-3T+T2 3 (-1+T) 3,3, “16+27T-12T2+T3  (1-2T+T%) 3,3
d3,33—>— - » U3,33 > — - P
™ 272 6T° T
16-27T+12T72-T3 1 -34+T
d3,35 > - > 43,36 0, d3 37 > - ——, d3 38 > - s
24T/ 6T T
3(-34T) S27+5T-T2-T>  (-1+2T-T%) 3,3
d3,39 ) d3,40 - - - ) d3,41 -0,
2716 24T T
12-T-5T%> 3 (-1+T)c3,3
d3,42 -0, d3,43 ) d3,44 - d3,45 - - + >
T T® 24T 274
-1-T C3,32
ds 46 > 0, d3,47 > 0, d3,48 > 0, d3,49 > — ——, d3,50 > - + , d3,51 > 0,
6T 24717 T
C3,3 C3,10
d3,50 > 0, d3,53 > 0, d3;54 > 0, d3;55 >0, €33 - » €32 > - > €330,

C3,3 1 3,10
€340, €350, f3 1> - 2—, f3,, > —+

™ T

5 'F3’3 - 0, 'F3’4 - 0, 'F3)5 - 0}}

m-}= sol /. (a_-»b_) = (a=>b)
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1
outf+]= {9, -Tcs,-C3,3, 0, *; (1-T) c3,105 0, -TC3,7 -

N |-
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(-1+3T) C3,10> 0, 0,0,0,

1-T 1 -2+5T X 5
- ((=1+T) C3,16): -—)’ 0,0, —, - — - (T_T ) C3,165 0,0,0, —-T C3,165 9,
6T 2T 2T 6
3 X 1-12T+27T>-16T3 1
0,0,0,0, -— (-1+T) 3,32, —(<—1+2T—T ) C3,32)) - » 0, —,
2 2412 6712
-1+3T -1+11T-16T? -1+31T7-131T%2+125T3 y s 1
- > = > - (T*ZT +T ) C3,32, e, 0, —,
4T1? 6T 24712
-5+23T -5+69T-142T2 3 X 1 1 R
- - +— (=1+T) T C3,32, 0,0,0, —, — (1-15T) -T C3,32,
6T 24T 2 6 24
C3,3 C3,2 C3,;3 -1+T c3,7 (-1+T)C3,10
0) @, 0: 0) @, *CB,lJ *CB,ZJ - 0) + » Yy T - I |
TZ T TZ T4 T T2
1-T (1-T)c3,10 1  c3,10 1 C3,7 (-1-T) c3,10 1-T c3,16
- - >y T T T y — -t _716;01919)_ - B
27° 273 ™ 12 270 T2 273 T T
~7+9T-2T%>  (-1+T)c3,06 7-9T+2T2 1 9-T 3 (1-T) ¢3,16
- - R 3 E I B 3 N | 3
27T° T2 6T° T 270 27° T
1 1 3,16 ~1+T ¢33 2-3T+T? 3 (-1+T)c3,3
e) s T T 5] 0) 0: e) 0) 0) - E -
T 376 713 6T T T 272
~16+27T-12T2+T>  (1-2T+T?) 3,33 16-27T+12T2-T3 1 S34T 3 (-3+T)
- - R E) y T T s — 5] k)
6T T3 2417 6T T° 276
“27+5T-T2-T>  (-1+42T-T%) c3,3 1 2 12-T-5T% 3 (-1+T)cy
- - ) e) 0) - T s T s — + 5] k)
24T T T™ T 24T 274
1 -1-T «c3,3 C3,3 C3,10 €33 1 C310
0,0, - ——, - + ,0,0,0,0,0, —, - ,0,0,0, - y —_ t , 0,0, 0}
6 T° 24T T4 2T T 2T 713 T
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Inf-]= €3,1 = €3, = €C3,3 = C3,7 = C3,19 = C3,16 = C3,32 = 0}
{R1,25 Ry,2, CCq, CCy}

Outf+]= {]E{)e{l,Z} [1, (=1+T) X2 (Y1-Y2)»
(-1+4T-3T)x3y; 1

1 1
6Ser‘ies{0,g(—l+T) X§Yi+X1X2Y1YZ+E(1—3T) X%Yl)/z:— e —£X§Y1YZ—
X3 yiys (1-3T)x1x3yly, (1’11T+16T2>X2y%y2 1 2 , 1 3 2
- - - =Xy Xy Y1Yo+ — (=1+7T) X3¥1Y5,
2T 27 6T 2 6
2 3 4,4
(1-T)xdyd (1-12T+27T2-16T°) x3y]T xx3yly, (-2+5T)x3yly, XX xyiy
_ _ . _ . _
6T 24 T2 2T 2T 6T?
(-1+3T)x3x3yly, (-1+11T-16T*) xyx3y3y> (-1+31T-131T2+125T%) x3y3y,
- - +
472 6T 24712
5 ., Xix3yly: (-5+23T)xyx3ylys (-5+69T-142T%) x3yiy;
—x2y1y2+ - - +
6 T 6T 24T
1 3 3 1 4 3 1
— Xy X;y1y;+— (1-15T) Xzy1y2H, ]E{)e{l,2}[1) -1+ — | X2 (Y1-Y2)»
6 24 T
_ (-1+T) xaXy;  (1-T)x3y7 XaXpy1Ys (-1-T)X3y1Yy>
eSer‘les{e, - - - -
T 21 T? 21’
(1-T)y x3xy2 (-1+T)xX2y? (-1+T) XX xpy3 (3—4T+T2) X1 X3 y3
T3 274 273 274
(-3+4T-T) x5y xixay1y2 X3yay:s Xixayiy, 2xix3yly, (4+T+T%)x3yiys
+ - - + - -
6T T 2T 2713 T 6T°
XeX3y1ys  (-1+T)x3y1ys  (-1+T)xaxpy: (1-T)xiyi (1-T)xixpy;
_ , - _ _ _
274 6T T 27° T
(-7+9T-2T) xyx5y; (7-9T+2T*)x3y; (-1+T) X xpy? (2-3T+T?) x§x3y;
2T 6 T° 6T T
(-16+27T-12T2+T?) xyx3y; (16-27T+12T°-T>) X3y x:%y1y2 X2 Y1 Vs
- - + +
6 T° 24T T4 27°
XEXayiy, (9-T)xax3yly, 3x3yiys XiXoyiya (-3+T)xix3yiy
- + - - +
T 27T° 276 6 T4 T
3(-3+T) X1X3Yy3Y2 (—27+5T—T2—T3)x‘2‘yiy2 X1X3y1Y5s X3Y1Y3
_ . _ _
276 24T T 376
2 4 .,2.,2
x3x2y2yl 2xx3yly: (12-T-5T%)x3yiy: xaxiyiyl (-1-T) X‘z‘ylyiH
+ - - - B
™ T 24717 6T° 2471’
X1Y1
]E{}%{l} {'\/?, 0, eSeries [G, - T 5 0, @:| } >
1 . X1Y1 X1¥Y1 X1y1
]E(H{l}{—: Q, eSerles[e, , - ) H}
T T TZ T3
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Infe ]:= {(R1,2 Ra,3Rs,6 // My,451 // My 55,2 // M3,653) = (Ra,3Ra,5R1,6 // M1 4,1 // My5,5 // M36,3),
(Rl,z R3,a // My3,1 /7 m2,4-»2) = E(y,q1,23[1, 0, eSeries[0]],
(€CC1TC, 7/ M54 ) = Eqyuq1y [1, O, eSeries[0]],
(CC3Ry,2 // My,3,0 // My 141) = (Ea Ri,2 // My 3,1 // m1,2-»1)}

ouf-]= {True, True, True, True}

Some Knot Theory

In[«]:= Define[Kinki = CC3 Rl,Z // m2’3_,2 // mz)]__,i, Kinki = CC3 El,Z // m1,3_,1 // ml)z_,i]

w -  RVK[pd_PD] := Module[{n, xs, X, rots, front = {0}, k},

n = Lengthepd; rots = Table[@, {2n}];
Xp[x[4T, xM11] PositiveQ@x]
Xm[x[2], x[11] True
For[k =0, k < 2n, ++k, If[k == @V FreeQ[front, -k],
front = Flatten[front /. k> (xs /. {
Xp[k+1, L_] | Xm[L_, k+1] = {L, k+1,1-1L},
Xp[l_, k+1] | Xm[k+1, L_] = (++rots[l]; {1-L, k+1, L})
D1,
Cases[front, k | -k] /. {k, -k} =» —-rots[k + 1] ;
115
RVK[xs, rots] ];

I

xs = Cases [pd, X_X» {

RVK[K ] := RVK[PD[K]];

Inf+]:= rot[i , 0] :=E(,(;;[1, 0, eSeriese@0];
rot[i_, n_] :=Module[{j},
rot[i, n] = If[n > @, rot[i, n-1] CCy, rot[i, n+1] CC;] // my, i,:];
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Inf+]:= Z[K_ ] := Z[RVK@K];
Z[rvR_RVK] := (*Z[rvk] ==%)

Module[{todo, n, rots, &, done, st, cx, ¢1, i, j, k, ki, k2, k3},

{todo, rots} = List @@ rvk;
AppendTo[rots, 0];

n = Length[todo] ;

£ =Eqy,0[1, 0, eSeriese0];

done = {0} ;
st = Range[@, 2n +1];
While[{} =1l= ($M = todo),

2020-12-23 16:02:16

{cx} = MaximalBy[todo, Length[done () {#[11, #[20, #[@1] -1, #[2]-1}] &, 1];

{i, j} = Listee cx;

€1 = Switch[Head[cx],
Xp, (Ri,j Kinki) /7 mj s,
Xm, (Ei,j Kinkk) // My, k-5

];

€1 = (rot[k, rots[i]]] £1) // m ;,;; rots[i] = 0;

€1 = (Zlrot[k, rots[i+1]]) // ms,i; rotsfi+ 1] = 0;
€1 = (rot[k, rots[jl] &£1) // my, j,5; rots[j] = ©;

€1 = (Elrot[k, rots[j+1]]1) // mj 5 rots[j+1] = 0;
£ %= C1;

If [MemberQ[done, i], =8 // Msi 5,1,5 st =st /. st[i+2] » st[i+1]];

If[MemberQ[done, i-1], & =28 // Msipig,isstpigs St =st /. sti+ 1] - st[il];

If [MemberQ[done, j1, & =& //mMj .55 st=st/.st[j+2]-»stlj+11];

If [MemberQ[done, j-1], & =8 //Mspip,jostpsgs St =st /. st[j+1] > st[il];

done =doneJ{i-1,1i, j-1, j};
todo = DeleteCases [todo, cXx]

]

CF/@ (& (*/. {XgoX,Yp-Y,ap—a}*))

]

inf-}= BeginProfile[];
PopupWindow [Button["Show Profile Monitor"],

Dynamic [PrintProfile[], UpdateInterval -» 3, TrackedSymbols - {}]]

Out[]= | Show Profile Monitor

mp= $k =1

outfe}= 1

in-= NewBit[K_] := Module[{Alex = Alexander [K] [T]},

2

Alex
13

ZIK113, 21 // Factor‘]

http://drorbn.net/AcademicPensieve/Projects/BabyDoPeGDO/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: BabyDoPeGDO: Solving to $k=3.nb 2020-12-23 16:02:16

inf-1= NewBit /@ Al11Knots[{3, 5}]
KnotTheory: Loading precomputed data in PD4Knots'.

4-3T+5T2-3T3+3T*-T°+T°

outf-J= {2—T+T2, (1+T) (1-3T+T2), s 9—11T+7T2—T3}

TZ

inf-}= (*Two knots with equal Alexander, new bit does not agreex)
Alexander [Knot[6, 1]] == Alexander [Knot[9, 46]]
Timing [NewBit [Knot[6, 1]] == NewBit [Knot[9, 46]]]

out/-]= True

our - {53.1563, 5-11T-T*+37T> =7-21T+9T*+ T*}

n-1= equiv = {Knot[10, 106], Knot[12, NonAlternating, 369]};
Length@Union[Z /@ equiv]
KnotTheory: Loading precomputed data in KnotTheory/12N.dts.

KnotTheory: The GaussCode to PD conversion was written by Siddarth Sankaran at the University of Toronto in the summer of
2005.

outf-}= 1
In[-]= equiv =

{Knot[12, Alternating, 427], Knot[12, Alternating, 435], Knot[12, Alternating, 990]};
Length@Union[Z /@ equiv]

KnotTheory: Loading precomputed data in KnotTheory/12A.dts.

outf-}= 1

mo= Pk = 2
outf]= 2

nf-}= equiv = {Knot[1@, 106], Knot[12, NonAlternating, 369]};
Length@Union[Z /@ equiv]

outf-]= 2
In[-]= equiv =

{Knot[12, Alternating, 427], Knot[12, Alternating, 435], Knot[12, Alternating, 990]};
Length@Union[Z /@ equiv]
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Inf- ]:=

Out[~]=

PrintProfile[]

ProfileRoot is root. Profiled time: 79.031
( 24) 0.032/ 0.032 above CF
( 237) 1.581/ 6.183 above Zipl
( 237) 0.799/ 38.897 above Zip2
( 237) 28.773/ 33.919 above Zip3
CF: called 3816 times, time in 47.878/47.878
( 24) 0.032/ 0.032 under ProfileRoot
( 1185) 4.602/ 4.602 under Zipl
( 1185) 38.098/ 38.098 under Zip2
( 1422) 5.146/ 5.146 under Zip3
Zip3: called 237 times, time in 28.773/33.919
( 237) 28.773/ 33.919 under ProfileRoot
( 1422) 5.146/ 5.146 above CF
Zipl: called 237 times, time in 1.581/6.183
( 237) 1.581/ 6.183 under ProfileRoot
( 1185) 4.602/ 4.602 above CF
p2: called 237 times, time in 0.799/38.897
( 237) 0.799/ 38.897 under ProfileRoot
( 1185) 38.098/ 38.098 above CF

Zi
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